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ISOPERIMETRIC AND SOBOLEV INEQUALITIES FOR
MAGNETIC GRAPHS
JAVIER ALEJANDRO CHA´VEZ-DOMI´NGUEZ
Abstract. We introduce a concept of isoperimetric dimension for mag-
netic graphs, that is, graphs where every edge is assigned a complex
number of modulus one. In analogy with the classical case, we show that
isoperimetric inequalities imply Sobolev inequalities on such graphs. As
a first application, we show that the signed Cheeger constant behaves
additively with respect to Cartesian products of graphs. Using heat
kernel techniques, we also give lower bounds for the eigenvalues of the
discrete magnetic Laplacian.
1. Introduction
Many practical situations can be modeled using a (combinatorial) graph,
a set of vertices where some pairs of them are joined by an edge. The
vertices correspond to the different objects of interest, and the presence of
an edge indicates that two particular objects are related. In some cases,
we have more information available: not only that two objects are related,
but also how they are related. We will particularly look at the case where
this information is given by a complex number of modulus one, giving rise to
what is known asmagnetic graphs. For example, the angular synchronization
problem [Sin11] is to estimate n unknown angles θ1, . . . , θn ∈ [0, 2π) from
a set of measurements of their offsets θk − θj mod 2π; in general, only a
subset of all possible offsets are measured. The set E of pairs {k, j} for which
offset measurements exist can be realized as the edge set of a graph G =
(V,E) with vertices corresponding to the angles, and edges corresponding
to measurements. Each measurement can be encoded as a complex number
σkj = e
i(θk−θj) having modulus one, and observe that σkj = σ−1jk . Another
such situation is quantum mechanics on a graph, as in [LL93]. The vertices
of the graph can be thought of as locations of atoms in a solid, and the edges
correspond to electron bonds joining the atoms; this model is known as the
tight-binding model or Hu¨ckel model. The argument of the complex number
associated to an edge joining u and v has a physical interpretation, as the
integral of a magnetic vector potential from the point u to the point v. Since
reversing the direction of integration results in a change of sign, reversing the
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direction of travel along an edge once again replaces the associated complex
number by its multiplicative inverse. See Section 2 for the mathematical
formalization of these ideas.
The main goal of this paper is to develop, in the context of magnetic
graphs, a subject with a long history: the relationship between isoperimetric
and Sobolev inequalities. This is well known for domains in Rn, and the fact
that they are equivalent was shown by Maz’ya [Maz60]. The fundamental
tool giving this connection is the coarea formula, a version of Cavalieri’s
principle which states that the integral of the length of the gradient of a
function g can be calculated as the integral of the measures of the level
sets of g; see [Maz03, Sec. 2] for a nice elementary exposition. In the
graph case, Sobolev inequalities have also been obtained from isoperimetric
ones through a discrete version of the coarea formula [CY95, Til00, Ost05a].
Various applications of Sobolev inequalities for classical graphs are given,
for example, in [CT98] and [CY95], and we prove versions of these results
for magnetic graphs below. As can be expected from the discussion above,
our fundamental tool will be a version of the coarea formula in this context:
we obtain it as a variation of [LLPP15, Lemma 4.3].
The rest of this paper is organized as follows. In Section 2 we introduce
the basic notation and notions associated to magnetic graphs. Section 3
introduces the notion of isoperimetric constants for magnetic graphs, and
proves that they imply associated Sobolev inequalities. Applications are
given in the next two sections: Section 4 shows that the signed Cheeger
constant behaves additively with respect to Cartesian products of graphs,
whereas Section 5 uses heat kernel techniques to give lower bounds for the
eigenvalues of the discrete magnetic Laplacian. The last two sections are
brief remarks: Section 6 indicates how to generalize the main results from
Section 3, and Section 7 relates our Sobolev inequalities with Balian-Low
type theorems in finite dimensions from time-frequency analysis.
2. Basic notation
With the exception of the last proposition, the notation and definitions in
this section follow [LLPP15]. We always denote by G = (V,E) an undirected
simple finite graph on N vertices, with vertex set V and edge set E. We
consider the edges to be unordered pairs {u, v}, and use the notation u ∼ v
to indicate that u ∈ V and v ∈ V are connected by an edge. Sometimes we
will need to consider oriented edges, which we denote by ordered pairs. If
e = (u, v) is the oriented edge starting at u and terminating at v, we write
e¯ = (v, u) for the oriented edge with the reversed orientation. The set of
all oriented edges will be denoted by Eor := {(u, v), (v, u) | {u, v} ∈ E}.
To every edge e = {u, v} ∈ E we associate a positive symmetric weight
wuv = wvu = we, and we define the weighted degree du of a vertex u ∈ V
to be du :=
∑
v,v∼u wuv. Given a positive measure µ : V → R+ on V , the
ISOPERIMETRIC AND SOBOLEV INEQUALITIES FOR MAGNETIC GRAPHS 3
maximal µ-degree of the graph G is
dµ := max
u∈V
{∑
v,v∼u wuv
µ(u)
}
= max
u∈V
{
du
µ(u)
}
.
We denote the boundary measure of X ⊆ V by
|E(X,Xc)| :=
∑
u∈X
∑
v∈Xc
wuv,
where Xc is the complement of X in V . The µ-volume of X is given by
Volµ(X) :=
∑
u∈X
µ(u).
In a slight abuse of notation, in the special case X = V we will often write
Volµ(G) instead of Volµ(V ).
Given k ∈ N, we use the standard combinatorial notation [k] = {1, 2, . . . , k}.
Throughout the paper, we will only consider the case where the signature
group Γ is either the unit circle S1 = {z ∈ C | |z| = 1}, or the cyclic group
S1k := {ξj | j ∈ [k]} of order k generated by the primitive k-th root of unity
ξ := e2pii/k ∈ C. Below, whenever we consider a group Γ it will always be
either S1 or S1k.
Definition 2.1. Let G be a graph and let Γ ⊆ S1 be a group. A signature
for G is a map s : Eor → Γ such that
s(e¯) = s(e)−1, (2.1)
where s(e)−1 is the inverse of s(e) in Γ. The trivial signature s ≡ 1, is
denoted by s1. For an oriented edge e = (u, v) ∈ Eor, we will almost always
write suv := s(e) for simplicity.
Given a Γ-valued signature on G, and a Γ-valued function on the vertices
of G, it is easy to produce a new signature by “conjugating” the old one by
the function on the vertices. This operation is called switching.
Definition 2.2. Let G be a graph with Γ-valued signature s. For any func-
tion τ : V → Γ we can define a new signature sτ : Eor → Γ as follows:
sτ (e) = τ(u)s(e)τ(v)−1 ∀ e = (u, v) ∈ Eor.
We say that the function τ is a switching function. Two signatures s and
s′ are said to be switching equivalent if there exists a switching function τ
such that s′ = sτ .
We remark that it is easy to check that switching is in fact an equivalence
relation on the set of signatures.
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2.1. Frustration index. Let G be a finite graph with a signature s : Eor →
Γ ⊆ S1, and let C be a cycle, which is a sequence (u1, u2), (u2, u3), · · · , (ul−1, ul), (ul, u1)
of distinct edges in E. Then the signature of C is
s(C) := su1u2su2,u3 · · · sul−1ulsulu1 ∈ Γ.
Note that the signature of a cycle is switching invariant.
Definition 2.3. A signature s : Eor → Γ is called balanced if the signature
of every cycle of G is equal to 1.
We will also say that the graph G or a subgraph of G is balanced if the sig-
nature restricted to it is balanced. Since the signature of a cycle is switching
invariant, the property of being balanced is also switching invariant. The
following is an important characterization of being balanced using switching
operations [Zas82, Corollary 3.3].
Proposition 2.4. A signature s : Eor → Γ ⊆ S1 is balanced if and only if
it is switching equivalent to the trivial signature s1.
In fact, more is true [LL93, Lemma 2.1]: if two signatures take the same
values on all cycles, then the signatures are switching equivalent.
If a signature is not balanced on a subset, we would like to quantify how
far it is from being balanced. For that purpose, the following frustration
index was defined in [LLPP15, Defn. 3.4].
Definition 2.5. Let G be a finite graph with Γ-valued signature s and V1 ⊆
V a nonempty subset with induced subgraph (V1, E1). The frustration index
ιs(V1) of V1 is defined as
ιs(V1) : = min
τ :V1→Γ
∑
{u,v}∈E1
wuv|τ(u)− suvτ(v)| (2.2)
= min
τ :V1→Γ
∑
{u,v}∈E1
wuv|1− τ(u)−1suvτ(v)|
It is clear from the definition that the frustration index of a set is switching
invariant, and also that the frustration index is a measure, in an ℓ1 sense, of
how close we can get to the trivial signature using the switching operation.
In particular, according to Proposition 2.4, we have that ιs(V1) = 0 if and
only if the subgraph induced by V1 is balanced.
Note that the frustration index of any signature on a tree is always zero,
since one can easily construct inductively a switching function that gives
equivalence with the trivial signature. As an example we now calculate the
frustration index of a signature on a cycle with unit weights.
Proposition 2.6. Let C = (V,E) be a graph which is a cycle consisting of
the sequence of distinct edges (u1, u2), (u2, u3), · · · , (un−1, un), (un, u1), each
having weight 1, and let s be an S1k-valued (or S
1-valued) signature for C.
Then
ιs(C) = ∣∣1− s(C)∣∣.
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Proof. For simplicity let us denote σj = sujuj+1 , with the convention un+1 =
u1. Define τ : V → S1k by τ(u1) = 1, and for j > 1 let τ(uj) = σ−1j−1 · · · σ−11 .
Then
n∑
j=1
|τ(uj)− σjτ(uj+1)|
= |τ(un)− σnτ(u1)| =
∣∣σ−1n · · · σ−11 − 1∣∣ = ∣∣1− σ1 · · · σn∣∣.
On the other hand, for any τ : V → S1k , by the triangle inequality,
n∑
j=1
∣∣τ(uj)− σjτ(uj+1)∣∣ = n∑
j=1
∣∣σ1 · · · σj−1τ(uj)− σ1 · · · σj−1σjτ(uj+1)∣∣
≥ ∣∣τ(u1)− σ1 · · · σnτ(u1)∣∣ = ∣∣1− σ1 · · · σn∣∣.

3. From isoperimetric to Sobolev inequalities
The concept of isoperimetric dimension of a graph was introduced in
[CY95], as a “finite-dimensional” variation of the famous Cheeger constant,
and it was used to proved Sobolev inequalities for graphs. The main point
of this paper is to do an analogous study for graphs with unbalanced sig-
natures, building upon the definition of Cheeger constants in this context
from [LLPP15].
Definition 3.1. Let G be a finite graph with a signature s. We say that
(G, s) has isoperimetric dimension δ with isoperimetric constant cδ if for
every nonempty subset V1 of V we have
ιs(V1) + |E(V1, V c1 )| ≥ cδVolµ(V1)
δ−1
δ . (3.1)
Note that the case δ =∞ is precisely the (1-way) Cheeger constant from
[LLPP15, Def. 3.5]. The reader should be warned that this does not directly
correspond to the classical Cheeger constant for (non-magnetic) graphs; that
would be the 2-way Cheeger constant.
3.1. The coarea inequality. This subsection is an adaptation of [LLPP15,
Lemmas 4.2 and 4.3]. We start by setting up the notation involved. Let
Br(0) := {z ∈ C | |z| < r} be the open disk in C with center 0 and radius r.
For θ ∈ [0, 2π) and k ∈ N, we define the following k disjoint sectorial regions
Qθj :=
{
reiα ∈ B1(0)
∣∣∣∣ r ∈ (0, 1], α ∈
[
θ +
2πj
k
, θ +
2π(j + 1)
k
)}
, (3.2)
where j = 0, 1, . . . , k − 1. Then for any t ∈ (0, 1], we define the function
Yt,θ : B1(0)→ C as
Yt,θ(z) :=
{
ξj , if z ∈ Qθj \Bt(0),
0, if z ∈ Bt(0), (3.3)
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where ξ denotes the k-th primitive root of unity.
The following lemma is a variation of [LLPP15, Lemma 4.2].
Lemma 3.2. For any two points z1, z2 ∈ B1(0), we have
1
2π
∫ 2pi
0
∫ 1
0
|Yt,θ(z1)− Yt,θ(z2)| dt dθ ≤ 3 |z1 − z2|.
Proof. Without loss of generality, assume that |z1| ≥ |z2| with z1 ∈ Qθj1 and
z2 ∈ Qθj2 . Then we have
|Yt,θ(z1)− Yt,θ(z2)| =


|ξj1 − ξj2 |, if t ≤ |z2|,
1, if |z2| < t ≤ |z1|,
0, if |z1| < t.
Hence, ∫ 1
0
|Yt,θ(z1)− Yt,θ(z2)| dt = |ξj1 − ξj2 | · |z2|+ (|z1| − |z2|).
Let α ∈ [0, π] be the angle between the two rays joining z1, z2 to the origin.
If 2πl/k ≤ α < 2π(l+1)/k for some integer 0 ≤ l < k/2, the term |ξj1 − ξj2 |
is equal to either |1− ξl| or |1− ξl+1|, hence we calculate
1
2π
∫ 2pi
0
∫ 1
0
|Yt,θ(z1)− Yt,θ(z2)| dt dθ =
=
(
kα
2π
− l
)(
|1− ξl+1| · |z2|+ |z1| − |z2|
)
+
(
l + 1− kα
2π
)(
|1− ξl| · |z2|+ |z1| − |z2|
)
=
(
kα
2π
− l
)(
|1− ξl+1| − |1− ξl|
)
· |z2|+ |1− ξl| · |z2| + (|z1| − |z2|)
(3.4)
At this point we consider two cases:
(a) If l > 0: Then we have |1− ξl+1| ≤ |1− ξ|+ |1− ξl| ≤ 2|1− ξl|, and since
0 ≤ kα2pi − l ≤ 1 the quantity at the end of (3.4) is bounded above by
2|z2| · |1− ξl|+ |z1 − z2|
Observe that we have
|z1 − z2| ≥
∣∣∣∣ z1|z1| |z2| − z2
∣∣∣∣ = |z2| · |1− eiα| ≥ |z2| · |1− ξl|
from where we get the desired bound of 3|z1 − z2|.
(b) If l = 0: The quantity at the end of (3.4) reduces to
kα
2π
· |1− ξ| · |z2|+ (|z1| − |z2|) ≤ kα
2π
· |1− ξ| · |z2|+ |z1 − z2|.
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Notice that
kα
2π
· |1− ξ| · |z2| = kα
2π
· |1− e2pii/k| · |z2|
≤ kα
2π
2π
k
· |z2| = α · |z2| ≤ |z2| · |1− eiα|
which is bounded above by |z1 − z2| as calculated in the previous part.
In either case, we obtain
1
2π
∫ 2pi
0
∫ 1
0
|Yt,θ(z1)− Yt,θ(z2)| dt dθ ≤ 3|z1 − z2|.
as desired. 
The previous lemma can be understood as a version of a coarea inequality,
which becomes clearer from the following variation of [LLPP15, Lemma 4.3].
Lemma 3.3 (Coarea inequality). Let s : Eor → S1k be a signature of G. For
any function f : V → C with maxu∈V |f(u)| = 1, we have
∫ 1
0
ιs
({|f | ≥ t}) + ∣∣E({|f | ≥ t}, {|f | ≥ t}c)∣∣ dt
≤ 3
∑
{u,v}∈E
wuv |f(u)− suvf(v)| .
Proof. First observe that
1
2π
∫ 2pi
0
∫ 1
0
∑
{u,v}∈E
wuv |Yt,θ(f(u))− suvYt,θ(f(v))| dt dθ
≥
∫ 1
0
ιs
({|f | ≥ t}) + ∣∣E({|f | ≥ t}, {|f | ≥ t}c)∣∣ dt.
In fact, the summation in the integrand of the LHS of the above inequality
can be split into two parts:
(a) The summation over edges connecting one vertex from {|f | ≥ t} and
one from {|f | ≥ t}c: This part equals ∣∣E({|f | ≥ t}, {|f | ≥ t}c)∣∣.
(b) The summation over edges connecting two vertices from {|f | ≥ t}: This
part is bounded from below by ιs ({|f | ≥ t}) by Definition 2.5.
Notice further that
suvYt,θ(f(v)) = Yt,θ(suvf(v)),
the desired inequality now follows directly from Lemma 3.2. 
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3.2. Sobolev inequality: case p = 1. We are now ready to prove our first
Sobolev inequality.
Theorem 3.4. Let G be a finite graph with an S1k-valued signature s such
that (G, s) has isoperimetric dimension δ with isoperimetric constant cδ. For
any function f : V → C we have[∑
u∈V
∣∣f(u)∣∣ δδ−1µ(u)
] δ−1
δ
≤ 3
cδ
∑
{u,v}∈E
wuv |f(u)− suvf(v)| .
Proof. Assume without loss of generality that the function f is not identi-
cally zero, otherwise there is nothing to prove. After normalizing, we may
assume that maxu∈V |f(u)| = 1. From Lemma 3.3 and Definition 3.1 we
immediately get
3
∑
{u,v}∈E
wuv |f(u)− suvf(v)| ≥ cδ
∫ 1
0
Volµ
({|f | ≥ t}) δ−1δ dt
Now, using Minkowski’s integral inequality∫ 1
0
Volµ
({|f | ≥ t}) δ−1δ dt = ∫ 1
0
[∑
u∈V
χ{|f |≥t}(u)µ(u)
] δ−1
δ
dt
=
∫ 1
0
[∑
u∈V
∣∣χ{|f |≥t}(u)∣∣ δδ−1µ(u)
] δ−1
δ
dt
≥
[∑
u∈V
∣∣∣∣
∫ 1
0
χ{|f |≥t}(u)dt
∣∣∣∣
δ
δ−1
µ(u)
] δ−1
δ
=
[∑
u∈V
∣∣f(u)∣∣ δδ−1µ(u)
] δ−1
δ
from where the conclusion follows. 
The constant 3/cδ in Theorem 3.4 is essentially optimal, as illustrated by
the following corollary. Compare to [CT98, Cor. 1].
Corollary 3.5. Let G be a finite graph with an S1k-valued signature s such
that (G, s) has isoperimetric dimension δ with isoperimetric constant cδ.
Then
cδ
3
≤ inf
f 6=0


∑
{u,v}∈E wuv |f(u)− suvf(v)|[∑
u∈V
∣∣f(u)∣∣ δδ−1µ(u)] δ−1δ

 ≤ cδ
Proof. The lower bound follows immediately from Theorem 3.4. To prove
the upper bound it suffices to choose f = χV1τ , where V1 ⊂ V is a subset
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achieving equality in the definition of the isoperimetric constant, and τ is a
switching function achieving equality in the definition of ιs(V1). 
Remark 3.6: Theorem 3.4 might at first sight appear to be totally wrong
when compared to the standard case [CY95, Thm. 1], [Ost05b, Thm. 2]:
if the signature is trivial, the right-hand side of the inequality in Theorem
3.4 does not change when a constant is added to the function f , but the
left-hand side will grow without control. This apparent contradiction shows
an important difference between the classical isoperimetric theory for graphs
and the one we are currently developing for their magnetic counterparts: in
Definition 3.1, the inequality must hold for any nonempty subset of V . If
the signature s on the graph G is trivial (or more generally, if the signature
is balanced) we will have
ιs(V ) + |E(V, ∅)| = 0 + 0 = 0
and therefore the pair (G, s) cannot have any isoperimetric dimension. This
seemingly strange situation stems from a mismatch in the terminology: re-
call that the classical Cheeger constant corresponds to the 2-way Cheeger
constant of [LLPP15], not the 1-way one, and our current isoperimetric
theory is a refinement of the 1-way Cheeger constant.
3.3. Sobolev inequality: case 1 < p < ∞. We follow the strategy of
[Ost05b] to deduce the case p > 1 from the case p = 1.
Let α ≥ 1. For a complex number z = reiθ we denote rαeiθ = z · |z|α−1
by zα. The following is a complex version of [Mat97, Lemma 4].
Lemma 3.7. For any z1, z2 ∈ C and α ≥ 1, we have
|zα1 − zα2 | ≤ α|z1 − z2|
(|z1|α−1 + |z2|α−1) .
Proof. Without loss of generality, we may assume neither of z1, z2 is zero.
We may also assume |z1| ≥ |z2|, and by rescaling we may take z1 = 1.
Therefore, what we need to show is that for r ∈ (0, 1] and θ ∈ R,∣∣1− rαeiθ∣∣ ≤ α∣∣1− reiθ∣∣ · (1 + rα−1)
so it suffices to show that
∣∣1 − rαeiθ∣∣ ≤ α∣∣1− reiθ∣∣. Taking squares, this is
equivalent to
(1− rα cos θ)2 + r2α sin2 θ ≤ α2((1− r cos θ)2 + r2 sin2 θ),
that is,
1− 2rα cos θ + r2α ≤ α2(1− 2r cos θ + r2).
Denoting x = cos θ ∈ [−1, 1] and rearranging we get
0 ≤ α2(1− 2rx+ r2)− (1− 2rαx+ r2α)
The derivative with respect to x of the right-hand side is 2(−α2r+ rα) ≤ 0,
so the expression is decreasing in x. Since the inequality is valid when x = 1
(it reduces to the well-known Bernoulli inequality as in the proof of [Mat97,
Lemma 4]), we achieve the desired conclusion. 
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Following essentially the same argument as in [Ost05b, Sec. 2.2], we will
prove the general Sobolev inequality.
Theorem 3.8. Let G be a finite graph with an S1k-valued signature s and
let 1 ≤ p < δ. Suppose that (G, s) has isoperimetric dimension δ with
isoperimetric constant cδ. Let q be defined by 1/p = 1/q + 1/δ. Then there
exists a constant C depending only on p, δ, cδ and dµ such that for any
function f : V → C we have
[∑
u∈V
∣∣f(u)∣∣qµ(u)
]1/q
≤ C

 ∑
{u,v}∈E
wuv |f(u)− suvf(v)|p


1/p
Proof. The case p = 1 was proved in Theorem 3.4, with C = 2/cδ . Assume
now that p > 1. Let α ≥ 1. Applying Theorem 3.4 to the function fα,
together with Lemma 3.7 yields
[∑
u∈V
∣∣f(u)∣∣ αδδ−1µ(u)
] δ−1
δ
≤ 3α
cδ
∑
{u,v}∈E
wuv |f(u)− suvf(v)|
(|f(u)|α−1 + |f(v)|α−1),
where we have used (suvf(u))
α = suv[f(u)]
α.
Applying Ho¨lder’s inequality we obtain, denoting 1/p′ = 1− 1/p,
[∑
u∈V
∣∣f(u)∣∣ αδδ−1µ(u)
] δ−1
δ
≤ 3α
cδ

 ∑
{u,v}∈E
wuv |f(u)− suvf(v)|p


1/p 
 ∑
{u,v}∈E
wuv
(|f(u)|α−1 + |f(v)|α−1)p′


1/p′
.
Since for any a, b ≥ 0 we have (a+ b)p′ ≤ 2p′ap′ + 2p′bp′ , it follows that

 ∑
{u,v}∈E
wuv
(|f(u)|α−1 + |f(v)|α−1)p′


1/p′
≤ 2

 ∑
{u,v}∈E
wuv
(|f(u)|(α−1)p′ + |f(v)|(α−1)p′)


1/p′
= 2
[∑
u∈v
|f(u)|(α−1)p′du
]1/p′
≤ 2d1/p′µ
[∑
u∈v
|f(u)|(α−1)p′µ(u)
]1/p′
.
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Set α = (δ− 1)p/(δ − p), so that (α− 1)p′ = δp/(δ − p) = αδ/(δ − 1). Then[∑
u∈V
∣∣f(u)∣∣ δpδ−pµ(u)
] δ−1
δ
≤ 2d1/p′µ
(δ − 1)p
δ − p
3
cδ

 ∑
{u,v}∈E
wuv |f(u)− suvf(v)|p


1/p [∑
u∈v
|f(u)| δpδ−pµ(u)
]1/p′
.
Noticing that q = δp/(δ − p) and (δ − 1)/δ − 1/p′ = 1/q, we obtain[∑
u∈V
∣∣f(u)∣∣qµ(u)
]1/q
≤ 2d1/p′µ
(δ − 1)p
δ − p
3
cδ

 ∑
{u,v}∈E
wuv |f(u)− suvf(v)|p


1/p
.

3.4. Sobolev inequalities with signed Cheeger constants. As already
mentioned, the Cheeger constant from [LLPP15, Def. 3.5] corresponds to the
case δ =∞ in our Definition 3.1. The following theorem is the corresponding
analogue of Theorem 3.4, and the proof is essentially the same so we omit
it.
Theorem 3.9. Let G be a finite graph with an S1k-valued signature s such
that (G, s) has Cheeger constant h = hs1(µ). For any function f : V → C we
have ∑
u∈V
∣∣f(u)∣∣µ(u) ≤ 3
h
∑
{u,v}∈E
wuv |f(u)− suvf(v)| .
Using the same technique as in the proof of Theorem 3.8, we can then
deduce the following.
Theorem 3.10. Let G be a finite graph with an S1k-valued signature s such
that (G, s) has Cheeger constant h = hs1(µ), and let p ≥ 1. For any function
f : V → C we have[∑
u∈V
∣∣f(u)∣∣pµ(u)
]1/p
≤ 6pd
1/p′
µ
h

 ∑
{u,v}∈E
wuv |f(u)− suvf(v)|p


1/p
.
Remark 3.11: The case p = 2 of Theorem 3.10 is essentially contained in
the proof of [LLPP15, Lemma 4.4], though our factor of 6 is slightly worse
than theirs.
The constant in Theorem 3.9 is essentially optimal, as shown by the fol-
lowing result. Compare to [CT98, Cor. 1].
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Corollary 3.12. Let G be a finite graph with an S1k-valued signature s such
that (G, s) has Cheeger constant h = hs1(µ). Then
h
3
≤ inf
f 6=0
[∑
{u,v}∈E wuv |f(u)− suvf(v)|∑
u∈V
∣∣f(u)∣∣µ(u)
]
≤ h
Proof. The lower bound follows immediately from Theorem 3.9, whereas to
prove the upper bound it suffices to choose f = χV1τ , where V1 ⊂ V is a
subset achieving equality in the definition of the Cheeger constant, and τ is
a switching function achieving equality in the definition of ιs(V1). In fact,
for this function the quotient of interest equals h. 
3.5. What about the balanced case? Recall that in the balanced case,
the 1-way Cheeger constant will be zero. It is thus reasonable to hope
that the 2-way Cheeger constant might yield Sobolev inequalities. But for a
balanced signature this is just the classical Cheeger constant, and we cannot
hope to do better than what is already known in the case without signatures.
Suppose that G is a finite graph with balanced S1k-valued signature s.
Therefore, there exists a switching function τ : V → S1k such that whenever
u ∼ v we have τ(u)−1suvτ(v) = 1. Thus, for any f : V → C and u ∼ v
|f(u)− suvf(v)|
=
∣∣τ(u)−1f(u)− τ(u)−1suvf(v)∣∣ = ∣∣τ(u)−1f(u)− τ(v)−1f(v)∣∣
and thus we cannot expect to do any better than the classical theory already
does for the function τ−1f , namely: if 1 ≤ p < δ, the graph G has isoperi-
metric dimension δ with constant cδ (in the sense of [CY95, Ost05b]), and
if we define q by 1/p = 1/q +1/δ, then there exists a constant C depending
only on p, δ, cδ and dµ such that for any function f : V → C we have
inf
z∈C
[∑
u∈V
∣∣f(u)− zτ(u)∣∣qµ(u)
]1/q
≤ C

 ∑
{u,v}∈E
wuv |f(u)− suvf(v)|p


1/p
.
4. Signed Cheeger constants for cartesian products
For two weighted graphs with vertex measures G1 = (V1, E1, w
1, µ1) and
G2 = (V2, E2, w
2, µ2) with corresponding Γ-valued signatures s
1 and s2, we
define their signed Cartesian product G1 × G2 as the following graph: the
vertex set is V = V1 × V2, the edge set E determined by
(u, v) ∼ (u′, v′)⇔ [ u = u′ and v ∼ v′, or v = v′ and u ∼ u′ ],
the product weight w is defined by
w(u,v)(u′,v′) =
{
w2vv′µ1(u) if u = u
′ and v ∼ v′,
w1uu′µ2(v) if v = v
′ and u ∼ u′,
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the vertex measure is the product measure µ = µ1 × µ2, and the product
signature s = s1 × s2 is given by
s(u,v)(u′,v′) =
{
s2vv′ if u = u
′ and v ∼ v′,
s1uu′ if v = v
′ and u ∼ u′.
Note that this is the standard definition of the Cartesian product of graphs,
and we just have added the natural choice for a product signature.
In contrast with the classical case [CT98, Thms. 2 and 3], the signed
Cheeger constant behaves additively with respect to this cartesian product.
Theorem 4.1. Let (G1, s
1), . . . , (Gm, s
m) be weighted graphs with S1k-valued
signatures and corresponding vertex measures µ1, . . . , µm. For convenience
we write h(Gj) = h
sj
1 (µj) and h(G1 × · · · ×Gk) = hs
1×···×sk
1 (µ1 × · · · × µk).
Then
1
3
m∑
j=1
h(Gj) ≤ h(G1 × · · · ×Gm) ≤ 3
m∑
j=1
h(Gj).
Proof. From the proof of Corollary 3.12, for each j = 1, . . . ,m there is a
nonzero function fj : Vj → C achieving∑
{uj ,u′j}∈Ej w
j
uju′j
∣∣∣fj(uj)− sjuju′jfj(u′j)
∣∣∣∑
uj∈Vj
∣∣fj(u)∣∣µj(uj) = h(Gj).
Let us define F : V1 × · · ·Vm → C by F (v1, . . . , vm) = f1(v1) · · · fm(vm).
Then, using Corollary 3.12
1
3
h(G1 × · · · ×Gm) ≤∑
{(u1,...,um),(u′1,...,u′m)}∈E w(u1,...,um),(u′1,...,u′m)
∣∣∣F (u1, . . . , um)− s(u1,...,um),(u′1,...,u′m)F (u′1, . . . , u′m)
∣∣∣∑
(u1,...,um)∈V
∣∣F (u1, . . . , um)∣∣µ(u1, . . . , um)
=
A1 + · · · +Am∏m
j=1
(∑
uj∈Vj |fj(uj)|µj(uj)
)
where for each j = 1, . . . ,m,
Aj =
∏
i 6=j
( ∑
ui∈Vi
|fi(ui)|µi(ui)
) ∑
{uj ,u′j}∈Ej
wj
uju′j
∣∣∣fj(uj)− sjuju′jfj(u′j)
∣∣∣
= h(Gj)
m∏
i=1
( ∑
ui∈Vi
|fi(ui)|µi(ui)
)
,
and thus we conclude
1
3
h(G1 × · · · ×Gm) ≤
m∑
j=1
h(Gj)
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From the proof of Corollary 3.12, there is a nonzero function f : V1 × · · · × Vm → C
whose corresponding quotient achieves the Cheeger constant for G1 × · · · ×Gm,
so we can write
h(G1 × · · · ×Gm) =∑
{(u1,...,um),(u′1,...,u′m)}∈E w(u1,...,um),(u′1,...,u′m)
∣∣∣f(u1, . . . , um)− s(u1,...,um),(u′1,...,u′m)f(u′1, . . . , u′m)
∣∣∣∑
(u1,...,um)∈V
∣∣f(u1, . . . , um)∣∣µ(u1, . . . , um)
=
B1 + · · ·+Bm∑
(u1,...,um)∈V
∣∣f(u1, . . . , um)∣∣µ(u1, . . . , um)
with, for each j = 1, . . . ,m,
Bj = ∑
ui∈Vi,i 6=j
(∏
k 6=j
µk(uk)
)
·
∑
{uj ,u′j}∈Ej
wj
uju′j
∣∣∣f(u1, . . . , uj−1, uj , uj+1, . . . , um)− sjuju′jf(u1, . . . , uj−1, u′j , uj+1, . . . , um)
∣∣∣
≥
∑
ui∈Vi,i 6=j
(∏
k 6=j
µk(uk)
)
h(Gj)
3
∑
uj∈Vj
|f(u1, . . . , um)|µj(uj),
and where we have used Theorem 3.9 to obtain the inequality above. It then
follows that
h(G1 × · · · ×Gm) ≥ 1
3
m∑
j=1
h(Gj).

The paper [LLPP15], where the signed Cheeger constant was defined, did
not provide explicit examples of calculations of such constants. We will use
Theorem 4.1 to evaluate signed Cheeger constants for discrete tori, but first
we will need to do the simple calculation for cycles.
Proposition 4.2. Let C = (V,E) be a graph which is a cycle with n edges
each having weight 1, endowed with the vertex measure µ ≡ 1, and let s be
an S1k-valued (or S
1-valued) signature for C. Then hs(C) = |1− s(C)|/n.
Proof. Let X be a nonempty subset of V . If X = V , then using Proposition
2.6,
ιs(X) + |E(X,Xc)|
Volµ(X)
=
ιs(C)
n
=
|1− s(C)|
n
.
When ∅ 6= X ( V , note that ιs(X) = 0 since the graph induced by X is a
disjoint union of paths. Therefore,
ιs(X) + |E(X,Xc)|
Volµ(X)
=
|E(X,Xc)|
|X| ≥
2
n− 1 .
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Since
2
n− 1 ≥
|1− s(C)|
n
,
the result follows. 
Remark 4.3: The same argument shows that for any δ > 1, such a cycle C
has isoperimetric dimension δ with isoperimetric constant cδ = |1− s(C)|/n(δ−1)/δ .
We can now easily calculate signed Cheeger constants for discrete tori,
simply by putting together Theorem 4.1 and Proposition 4.2.
Corollary 4.4. Let C1, . . . , Cm be cycles of respective lengths n1, . . . , nm, en-
dowed with respective S1k-valued signatures s
1, . . . , sm, and with edge weights
and vertex measures that are all equal to 1. Then
1
3
m∑
j=1
|1− sj(Cj)|
nj
≤ h(C1 × · · · × Cm) ≤ 3
m∑
j=1
|1− sj(Cj)|
nj
.
5. The heat kernel: eigenvalue estimates for discrete
magnetic laplacians involving Sobolev constants
Our next goal is to give bounds for the eigenvalues of the signed Laplacian
depending on Sobolev constants, analogous to the ones in [CY95]. Let us
start with some notation.
We consider the following (normalized) magnetic Laplacian ∆σ,µ associ-
ated to the weighted graph (G,w) with signature σ : Eor → Γ and vertex
measure µ : V → R+. For any function f : V → C, and any vertex u ∈ V ,
we define
∆σ,µf(u) :=
1√
µ(u)
∑
v,v∼u
wuv
(
f(u)√
µ(u)
− σuv f(v)√
µ(v)
)
. (5.1)
Note that the summation in (5.1) over the vertices v adjacent to u can also
be understood as a summation over the oriented edges e = (u, v) ∈ Eor, and
the signature is evaluated at (u, v). To simplify the notation, we will often
drop the dependance on µ from the notation and write ∆σ instead of ∆σ,µ.
If we simply write ∆, we are referring to the Laplacian corresponding to the
trivial signature.
The Laplacian ∆σ,µ has the following decomposition
∆σ,µ = (Dµ)
−1/2(D −As)(Dµ)−1/2,
where D and Dµ are the diagonal matrices with Duu = du and (Dµ)uu =
µ(u) for all u ∈ V , while As is the weighted signed adjacency matrix with
Asuv :=
{
0, u = v or {u, v} 6∈ E,
wuvsuv, {u, v} ∈ E.
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Note that our Laplacian is not the same one that was considered in [LLPP15],
since we have normalized it differently: they considered (Dµ)
−1(D−As) in-
stead, but it is easy to see that the eigenvalues are the same in our case and
therefore the Cheeger inequalities from [LLPP15] are still valid. By (2.1),
the matrix ∆σ,µ is Hermitian, and hence all its eigenvalues are real which
can be listed with multiplicity as follows:
0 ≤ λ1(∆σ,µ) ≤ λ2(∆σ,µ) ≤ · · · ≤ λN (∆σ,µ) ≤ 2dµ. (5.2)
For notational simplicity, we will often just write λj instead of λj(∆σ,µ).
Definition 5.1. We can express the Laplacian as
∆σ =
N∑
j=1
λjPj
where Pj is the orthogonal projection onto the span of the j-th normalized
eigenfunction γj. The heat kernel K
σ
t of (G, s) is defined to be the N ×N
matrix
Kσt =
∑
j
e−λjtPj = e−t∆σ
The heat kernel corresponding to ∆ will be denoted by Kt.
Some basic properties of the heat kernel, which follow directly from its
definition, are stated below.
Lemma 5.2. For u, v ∈ V we have
(i) Kσt is Hermitian, so K
σ
t (u, v) = K
σ
t (v, u).
(ii) For any 0 ≤ a ≤ t,
Kσt (u, v) =
∑
z∈V
Kσa (u, z)K
σ
t−a(z, v)
(iii) For f : V → C,
Kσt f(u) =
∑
v∈V
Kσt (u, v)f(v).
(iv) Kσt satisfies the heat equation
d
dt
Kσt = −∆σKσt
(v) Kt(u, v) ≥ 0 and Kt√µ = √µ for any t ≥ 0.
The following is an adaptation of [DM06, Lemma 1.1] to our setting.
Lemma 5.3. Let f : V → R and λ > 0. If (∆+λI)f ≥ 0, then f ≥ 0 (that
is, the operator (∆ + λI)−1 is positivity-preserving).
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Proof. Suppose (∆ + λI)f ≥ 0 but f attains a negative value. Let u ∈ V
be the vertex where 1√µf attains its minimum value. Now, by definition of
the Laplacian,
(∆ + λI)f(u) = λf(u) +
1√
µ(u)
∑
v,v∼u
wuv
(
f(u)√
µ(u)
− f(v)√
µ(v)
)
.
The left-hand side is nonnegative by assumption, but the right-hand side is
strictly negative, reaching a contradiction. 
Now we can get a weighted version of Kato’s inequality for the magnetic
Laplacian (compare to [DM06, Lemma 1.2]).
Lemma 5.4. For every f : V → C, one has the pointwise inequality
|f | ·∆|f | ≤ Re (∆σf · f).
Proof. Let u ∈ V . From the definitions of the Laplacians,
(|f | ·∆|f |)(u) = 1√
µ(u)
∑
v,v∼u
wuv
(
|f(u)|2√
µ(u)
− |f(u)| · |f(v)|√
µ(v)
)
(
∆σf · f
)
(u) =
1√
µ(u)
∑
v,v∼u
wuv
(
|f(u)|2√
µ(u)
− σuv f(u)f(v)√
µ(v)
)
and therefore
(|f | ·∆|f |)(u)− Re (∆σf · f)(u) =
1√
µ(u)
∑
v,v∼u
wuv√
µ(v)
Re
[
σuvf(u)f(v)− |f(u)| · |f(v)|
] ≤ 0.

As a consequence we get a domination result between the heat kernels, a
weighted version of [DM06, Thm. 1.5].
Theorem 5.5. For any signature σ and any f : V → C, we have the
pointwise inequality
|e−t∆σf | ≤ e−t∆|f |.
As a consequence, for any f, g : V → C we have∣∣〈e−t∆σf, g〉∣∣ ≤ 〈e−t∆σ |f |, |g|〉
and for any u, v ∈ V we have
|Kσt (u, v)| ≤ Kt(u, v)
Proof. It follows from Lemma 5.4 that for any λ > 0 and any g : V → C,
we have the pointwise inequality
|g| · (∆ + λI)|g| ≤ Re [(∆σ + λI)g · g] ≤ ∣∣(∆σ + λI)g∣∣ · |g|,
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and therefore, at all vertices where g 6= 0,
(∆ + λI)|g| ≤ ∣∣(∆σ + λI)g∣∣.
At a vertex where g(u) = 0 the left-hand side of the inequality is nonpositive
whereas the right-hand side is nonnegative, so the above inequality in fact
holds in general. Now let g = (∆σ + λI)−1f , so that
(∆ + λI)
∣∣(∆σ + λI)−1f ∣∣ ≤ |f |.
By Lemma 5.3 the operator (∆+λI)−1 is positivity preserving, and therefore
we have, pointwise, ∣∣(∆σ + λI)−1f ∣∣ ≤ (∆ + λI)−1|f |.
By induction, for any n ∈ N∣∣(∆σ + λI)−nf ∣∣ ≤ (∆ + λI)−n|f |.
Since e−tA = limn→∞(I + (t/n)A)−n, we obtain the first inequality. The
second inequality in the Theorem follows from the first and the definition of
the inner product, whereas the inequality for the heat kernels follows from
taking f = δv , g = δu. 
We are now ready to prove the main theorem of this section.
Theorem 5.6. Suppose that (G,σ) has isoperimetric dimension δ > 2 with
constant cδ. Then the eigenvalues of the Laplacian ∆σ satisfy, for any t > 0,
N∑
j=1
e−λjt ≤ CδVolµ(G)
tδ/2
where Cδ is a constant depending only on δ, cδ and dµ.
Proof. Our general strategy is similar to that of [CY95, Sec. 4]. We start
by calculating the derivative of a diagonal term of the heat kernel, using
Lemma 5.2.(ii) and (iv).
d
dt
Kσt (u, u) =
d
dt
∑
v∈V
Kσt/2(u, v)K
σ
t/2(v, u)
=
∑
v∈V
[
d
dt
Kσt/2(u, v)K
σ
t/2(v, u) +K
σ
t/2(u, v)
d
dt
Kσt/2(v, u)
]
= −1
2
∑
v∈V
[
∆σK
σ
t/2(u, v)K
σ
t/2(v, u) +K
σ
t/2(u, v)∆σK
σ
t/2(v, u)
]
.
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For simplicity, let us calculate separately∑
v∈V
Kσt/2(u, v)∆σK
σ
t/2(v, u)
=
∑
v∈V
Kσt/2(u, v)
1√
µ(v)
∑
z,z∼v
wvz
(
Kσt/2(v, u)√
µ(v)
− σvz
Kσt/2(z, u)√
µ(z)
)
=
∑
v∼z
wvz
(
Kσt/2(v, u)√
µ(v)
− σvz
Kσt/2(z, u)√
µ(z)
)(
Kσt/2(u, v)√
µ(v)
− σzv
Kσt/2(u, z)√
µ(z)
)
=
∑
v∼z
wvz
∣∣∣∣∣
Kσt/2(v, u)√
µ(v)
− σvz
Kσt/2(z, u)√
µ(z)
∣∣∣∣∣
2
Since ∆σK
σ
t/2(u, v)Kt/2(v, u) = K
σ
t/2(u, v)∆σK
σ
t/2(v, u), we conclude
d
dt
Kσt (u, u) = −
∑
v∼z
wvz
∣∣∣∣∣
Kσt/2(v, u)√
µ(v)
− σvz
Kσt/2(z, u)√
µ(z)
∣∣∣∣∣
2
By Theorem 3.8, with q = 2δ/(δ − 2),
d
dt
Kσt (u, u) ≤ −
c2δ
144dµ
(
δ − 2
δ − 1
)2 [∑
v∈V
∣∣∣∣K
σ
t/2(v, u)√
µ(v)
∣∣∣∣
q
µ(v)
]2/q
Now, by Ho¨lder’s inequality with conjugate indices r := q−1 and r′ = (q − 1)/(q − 2)
applied to the functions∣∣∣∣K
σ
t/2(v, u)√
µ(v)
∣∣∣∣
q
q−1
,
∣∣∣∣K
σ
t/2(v, u)√
µ(v)
∣∣∣∣
q−2
q−1
we obtain
∑
v∈V
∣∣∣∣K
σ
t/2(v, u)√
µ(v)
∣∣∣∣
2
µ(v)
≤
[∑
v∈V
∣∣∣∣K
σ
t/2(v, u)√
µ(v)
∣∣∣∣
q
µ(v)
] 1
q−1
[∑
v∈V
∣∣∣∣K
σ
t/2(v, u)√
µ(v)
∣∣∣∣µ(v)
] q−2
q−1
Observe that, using Lemma 5.2.(ii) again
∑
v∈V
∣∣∣∣K
σ
t/2(v, u)√
µ(v)
∣∣∣∣
2
µ(v) =
∑
v∈V
∣∣Kσt/2(v, u)∣∣2 = ∑
v∈V
Kσt/2(v, u)K
σ
t/2(u, v) = K
σ
t (u, u),
(so in particular Kσt (u, u) ≥ 0), whereas from Theorem 5.5 and Lemma
5.2.(v) we have
∑
v∈V
∣∣∣∣K
σ
t/2(v, u)√
µ(v)
∣∣∣∣µ(v) = ∑
v∈V
∣∣Kσt/2(v, u)∣∣√µ(v) ≤∑
v∈V
Kt/2(v, u)
√
µ(v) =
√
µ(u).
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Therefore,
d
dt
Kσt (u, u) ≤ −
c2δ
144dµ
(
δ − 2
δ − 1
)2
Kσt (u, u)
2(q−1)/qµ(u)−(q−2)/q.
Using the fact that 1− 2(q − 1)/q = −2/δ, we now consider
d
dt
[
Kσt (u, u)
1−2(q−1)/q
]
= −2
δ
Kσt (u, u)
−2(q−1)/q d
dt
Kσt (u, u)
≥ c
2
δ
72δdµ
(
δ − 2
δ − 1
)2
µ(u)−(q−2)/q .
Integrating,
Kσt (u, u)
−2/δ ≥ c
2
δ
72δdµ
(
δ − 2
δ − 1
)2
µ(u)−(q−2)/qt+ 1
≥ c
2
δ
72δdµ
(
δ − 2
δ − 1
)2
µ(u)−(q−2)/qt

That is,
Kσt (u, u) ≤ Cδ
µ(u)
tδ/2
, where Cδ =
(72δdµ)
δ/2
cδδ
(
δ − 1
δ − 2
)δ
.
Adding up over all u ∈ V , we conclude
N∑
j=1
e−λjt =
∑
u∈V
Kσt (u, u) ≤ Cδ
Volµ(G)
tδ/2
.
As a consequence we give lower bounds for the eigenvalues of the discrete
magnetic Laplacian, which are analogous to Polya’s conjecture for Dirichlet
eigenvalues of regular domains in Rn [PS51].
Corollary 5.7. Suppose that (G,σ) has isoperimetric dimension δ > 2 with
constant cδ. Then the k-th eigenvalue λk of the discrete magnetic Laplacian
∆σ satisfies
λk ≥ C ′δ
k
Volµ(G)
where C ′δ is a constant depending only on δ, cδ and dµ.
Proof. It follows from Theorem 5.6 that
ke−λkt ≤ CδVolµ(G)
tδ/2
and thus k ≤ Cδ Volµ(G)e
λkt
tδ/2
.
The function eλkt/tδ/2 is minimized when t = δ/2λk, and thus
k ≤ Cδ Volµ(G)
(
2λke
δ
)δ/2
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which implies
λk ≥ δ
2e
(
k
Cδ Volµ(G)
)2/δ
= C ′δ
(
k
Volµ(G)
)2/δ
with C ′δ =
δ
2eC
2/δ
δ
.

6. The S1-valued case
All of our Sobolev inequalities have versions for the case where the signa-
ture is S1-valued. We start with a version of Lemma 3.2, which in turn is
adapted from [LLPP15, Lemma 4.7].
For any t ∈ (0, 1], we define Xt : B1(0)→ C by
Xt(z) :=
{
z/|z|, if z ∈ B1(0) \Bt(0),
0 if z ∈ Bt(0).
Lemma 6.1. For any two points z1, z2 ∈ B1(0), we have∫ 1
0
|Xt(z1)−Xt(z2)| dt ≤ 2|z1 − z2|. (6.1)
Proof. Without loss of generality, we may assume that |z1| ≥ |z2| > 0.
Observe that∫ 1
0
|Xt(z1)−Xt(z2)| dt ≤
∣∣∣∣ z1|z1| −
z2
|z2|
∣∣∣∣ |z2|+ (|z1| − |z2|)
=
∣∣∣∣ z1|z1| |z2| − z2
∣∣∣∣+ (|z1| − |z2|) ≤ 2|z1 − z2|.

With Lemma 6.1 in hand, we can now follow exactly the same strategies
of proof to get versions of Theorems 3.4, 3.8, 3.9 and 3.10, and of Corollaries
3.5 and 3.12 for S1-valued signatures: the only change comes from the factor
of 3 coming from Lemma 3.2 being improved to a 2 thanks to Lemma 6.1.
7. Relationship to Balian-Low type theorems in finite
dimensions
The original inspiration for this paper was to provide a possible method
for proving the finite Balian-Low conjecture from [LS15]. The conjecture
has recently been proved by Nitzan and Olsen [NO19], based on methods
previously developed by the same authors in [NO13]. Though it is possible
to give a proof for the conjecture using the language we have developed here
of Sobolev inequalities, the proof is essentially the same as that of [NO19]
and therefore we will only briefly sketch how their proof can be interpreted
in our language.
By applying the finite Zak transform [NO19, Defn. 2.3], the expression
appearing in the Balian-Low conjecture looks very much like one side of a
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classical Sobolev inequality on the discrete torus, except that certain com-
plex numbers of modulus one make an appearance (due to the properties
of the Zak transform as in [NO19, Lemma 2.4.(i)]). Thus, this expression
can be interpreted as one half of a Sobolev inequality on a magnetic dis-
crete torus. To finish the proof, we would then need lower bounds for an
isoperimetric constant for the aforementioned magnetic discrete torus. This
is provided by [NO19, Lemma 3.1], which is also a fundamental step in the
proof of Nitzan and Olsen.
Acknowledgements
The author thanks Profs. William B. Johnson and Keri Kornelson for
helpful discussions on the subject of this paper.
References
[CT98] F. R. K. Chung and Prasad Tetali, Isoperimetric inequalities for Cartesian prod-
ucts of graphs, Combin. Probab. Comput. 7 (1998), no. 2, 141–148. MR 1617966
[CY95] F. R. K. Chung and S.-T. Yau, Eigenvalues of graphs and Sobolev inequalities,
Combin. Probab. Comput. 4 (1995), no. 1, 11–25. MR 1336652
[DM06] Jo´zef Dodziuk and Varghese Mathai, Kato’s inequality and asymptotic spectral
properties for discrete magnetic Laplacians, The ubiquitous heat kernel, Con-
temp. Math., vol. 398, Amer. Math. Soc., Providence, RI, 2006, pp. 69–81.
MR 2218014
[LL93] Elliott H. Lieb and Michael Loss, Fluxes, Laplacians, and Kasteleyn’s theorem,
Duke Math. J. 71 (1993), no. 2, 337–363. MR 1233440
[LLPP15] Carsten Lange, Shiping Liu, Norbert Peyerimhoff, and Olaf Post, Frustration
index and Cheeger inequalities for discrete and continuous magnetic Lapla-
cians, Calc. Var. Partial Differential Equations 54 (2015), no. 4, 4165–4196.
MR 3426108
[LS15] Mark Lammers and Simon Stampe, The finite Balian-Low conjecture, 2015
International Conference on Sampling Theory and Applications (SampTA)
(2015), 139–143.
[Mat97] Jiˇr´ı Matousˇek, On embedding expanders into lp spaces, Israel J. Math. 102
(1997), 189–197. MR 1489105
[Maz60] V. G. Maz’ja, Classes of domains and imbedding theorems for function spaces,
Soviet Math. Dokl. 1 (1960), 882–885. MR 0126152
[Maz03] Vladimir Maz’ya, Lectures on isoperimetric and isocapacitary inequalities in
the theory of Sobolev spaces, Heat kernels and analysis on manifolds, graphs,
and metric spaces (Paris, 2002), Contemp. Math., vol. 338, Amer. Math. Soc.,
Providence, RI, 2003, pp. 307–340. MR 2039959
[NO13] Shahaf Nitzan and Jan-Fredrik Olsen, A quantitative Balian-Low theorem, J.
Fourier Anal. Appl. 19 (2013), no. 5, 1078–1092. MR 3110593
[NO19] , Balian-Low type theorems in finite dimensions, Math. Ann. 373 (2019),
no. 1-2, 643–677. MR 3968884
[Ost05a] M. I. Ostrovskii, Sobolev spaces on graphs, Quaest. Math. 28 (2005), no. 4,
501–523. MR 2182458
[Ost05b] , Sobolev spaces on graphs, Quaest. Math. 28 (2005), no. 4, 501–523.
MR 2182458
[PS51] G. Po´lya and G. Szego¨, Isoperimetric Inequalities in Mathematical Physics,
Annals of Mathematics Studies, no. 27, Princeton University Press, Princeton,
N. J., 1951. MR 0043486
ISOPERIMETRIC AND SOBOLEV INEQUALITIES FOR MAGNETIC GRAPHS 23
[Sin11] A. Singer, Angular synchronization by eigenvectors and semidefinite program-
ming, Appl. Comput. Harmon. Anal. 30 (2011), no. 1, 20–36. MR 2737931
[Til00] Jean-Pierre Tillich, Edge isoperimetric inequalities for product graphs, Discrete
Math. 213 (2000), no. 1-3, 291–320, Selected topics in discrete mathematics
(Warsaw, 1996). MR 1755430
[Zas82] Thomas Zaslavsky, Signed graphs, Discrete Appl. Math. 4 (1982), no. 1, 47–74.
MR 676405
Department of Mathematics, University of Oklahoma, Norman OK , 73019-
3103 USA
E-mail address: jachavezd@ou.edu
